Abstract-A MIMO (multi-input multi-output) radar system, unlike a standard phased-array radar, can choose freely the probing signals transmitted via its antennas to maximize the power around the locations of the targets of interest, or more generally to approximate a given transmit beampattern, and also to minimize the cross-correlation of the signals reflected back to the radar by the targets of interest. In this paper, we show how the above desirable features can be achieved by designing the covariance matrix of the probing signal vector transmitted by the radar. Moreover, in a numerical study, we show that the proper choice of the probing signals can significantly improve the performance of adaptive MIMO radar techniques. Additionally, we demonstrate the advantages of several MIMO transmit beampattern designs, including a beampattern matching design and a minimum sidelobe beampattern design, over their phasedarray counterparts.
I. INTRODUCTION
The MIMO radar [1] [2] is an emerging technology that is attracting the attention of researchers and practitioners alike due to its improved capabilities compared with a standard phased-array radar. In particular, a MIMO radar makes it possible to use adaptive localization and detection techniques [2] , unlike a phased-array radar. In addition, the probing signal vector transmitted by a MIMO radar system can be designed to approximate a desired transmit beampattern and also to minimize the cross-correlation of the signals bounced from various targets of interest -an operation that, once again, would be hardly possible for a phased-array radar.
The probing signal design problem for the narrowband MIMO radar has been addressed in [1] and [3] . Our approach to this design problem is similar to the mathematical approach of [1] and is different from the more pragmatical approach of [3] . Compared with [1] , our main contributions are the following: i) we address the question of determining a desirable transmit beampattern, and show how to obtain such a beampattern; ii) we modify the beampattern matching criterion of [1] in several ways; and iii) we outline an efficient Semidefinite Quadratic Programming (SQP) algorithm for solving the signal design problem in polynomial time (the recent full version [4] of [1] also considers a convex optimization algorithm for solving the design problem, yet one that is less efficient than the SQP algorithm proposed herein). In addition, we consider a new minimum sidelobe beampattern design which is not considered in [1] . Finally, we demonstrate the advantages of these MIMO transmit beampattern designs over their phased-array counterparts.
II. PROBLEM FORMULATION Consider a MIMO radar system with M transmit antennas and let x m (n) denote the discrete-time signal transmitted by the mth antenna. Let θ denote the location parameter(s) of a generic target, e.g., its azimuth angle and range. When the transmitted probing signals are narrowband, the baseband signal at the target location can be described by [1] :
where f 0 is the carrier frequency of the radar, τ m (θ) is the time needed by the signal emitted via the mth transmit antenna to arrive at the target, (·) * denotes the conjugate transpose, N denotes the number of samples,
T denoting the transpose. It follows from (1) that the power of the probing signal at a generic focal point with location θ, or the transmit beampattern, is given by: P (θ) = a * (θ)Ra(θ), where R = E{x(n)x * (n)} is the covariance matrix of x(n). One of our problems consists of choosing R, under a uniform elemental power constraint,
where R mm denotes the (m, m)th element of R, to achieve the following goals: (a) maximize the total spatial power at a number of given target locations, or more generally, match a desired transmit beampattern, (b) minimize the crosscorrelation between the probing signals at the given target locations.
Regarding (b), we note from [2] that the performance of any adaptive MIMO radar technique degrades rapidly as the cross-correlation increases. For phased-array radar, the probing signals at any two target locations are fully correlated and the standard adaptive techniques are not applicable. We will illustrate this numerically in Section IV, where we apply the adaptive techniques of [2] to the data collected by a simulated MIMO radar with identically located transmit and receive antennas. Such data, in case of point targets, can be described by the equation [2] :
where K is the number of targets, {β k } are the complex amplitudes proportional to their radar-cross-sections (RCS's), and {θ k } are their location parameters. (n) denotes the interference-plus-noise term, and (·) c denotes the complex conjugate.
Another beampattern design problem we consider is to choose R, under the uniform elemental power constraint in (2) , to achieve the following goals: (ã): minimize the sidelobe level in a prescribed region; (b): achieve a predetermined 3 dB main-beam width.
Once R has been determined, a signal sequence {x(n)} that has R as its covariance matrix can be synthesized in a number of ways. Herein we simply set x(n) = R 1/2 w(n), where {w(n)} is a sequence of i.i.d. zero-mean random vector with covariance matrix I.
III. OPTIMAL DESIGNS
We consider four MIMO design problems in this section, that rely on no or some prior information and which employ different criteria to formulate mathematically the goals (a) and (b) or (ã) and (b).
A. Maximum Power Design for Unknown Target Locations
Let us assume that there areK (K ≤ K) targets of interest at locations {θ k }K k=1 . Then the cumulated power of the probing signals at the target locations is given by:
In this subsection, we assume that the radar has no prior knowledge on B = K k=1 a(θ k )a * (θ k ). Therefore we choose R to maximize (4) in the worst-case scenario:
The solution to a maximin design problem similar to (5), but with the uniform elemental power constraint R mm = c/M , m = 1, · · · , M, replaced by a less stringent total power constraint tr (R) = c was shown in [5] to be: R = (c/M )I. Since this solution also satisfies the uniform elemental power constraint, it is the solution to (5) as well. This solution is easy to understand: without prior information about the target locations, the MIMO radar will transmit a spatially white probing signal to give a constant power at any location θ.
B. Maximum Power Design for Known Target Locations
Assume that an estimateB of B is available. Then the inner minimization in (5) can be omitted, and the problem becomes another Semi-Definite Program (SDP) and can be efficiently solved numerically; but it does admit a closed-form solution, unlike (5) . In the following we consider the said problem but with a total power constraint instead of the elemental power one, namely:
We can shown by some simple analysis that the upper bound in the cost function can be achieved for R = cuu * , where u is the (unit-norm) eigenvector ofB associated with λ max (B) (see [5] ). ForK = 1, the solution reduces to: 2 , which is the delay-and-sum transmit beamformer commonly employed in phased-array radar systems.
The maximum power design has a solution simple to compute and use. However, the design has a number of drawbacks: 1) the elemental transmit powers corresponding to the solution might vary widely; 2) the design does not control the power distributed per each individual target and the resulting powers at different target locations can be quite different; 3) the design does not control the cross-correlation (beam)pattern either. We will not consider this design hereafter.
C. Beampattern Matching Design
Let φ(θ) denote a desired transmit beampattern, and let {μ l } L l=1 be a fine grid of points that cover the location sectors of interest. Our goal here is to choose R such that the transmit beampattern, a * (θ)Ra(θ), matches or rather approximates the desired transmit beampattern, φ(θ), over the sectors of interest, and also such that the cross-correlation (beam)pattern, a * (θ)Ra(θ) (for θ =θ), is minimized over the set {θ k }K k=1 . Mathematically we want to solve the following problem:
where the second term in the cost function is a sum of the cross-correlation terms;
, is the weight for the lth grid point and w c ≥ 0 is the weight for the crosscorrelation term. The value of w l should be larger than that of w k if the beampattern matching at μ l is considered to be more important than the matching at μ k . By choosing max l w l > w c we can give more weight to the first term in the design criterion above, and vice versa.
The above criterion appears to improve over a related design criterion used in [1] in several ways: 1) the beampattern fitting in [1] is done to φ 1/2 (θ), for computational reasons, whereas fitting directly to φ(θ), as in (7), is more natural; 2) in [1] , the scaling factor α is determined in a sub-optimal manner, prior to the fitting of the beampattern; 3) the reason for introducing α is that typically our interest lies in approximating an appropriately scaled version of φ(θ), not φ(θ) itself; 4) the need to penalize large values of the cross-correlation pattern was not recognized in [1] .
To show that the problem (7) 
and
Inserting (8) and (9) into (7) yields the following more compact form of the design criterion:
where ρ = α r T and
with Re(·) denoting the real part. The matrix Γ above is usually rank deficient, however, it does not pose any serious problem for the SQP solver outlined below. Making use of the form in (10) of the design criterion, we can rewrite (7) as the following SQP ( [6] ):
where ν = Γ 1/2 ρ. For practical values of M , the SQP above can be efficiently solved on a personal computer using public domain software ( [6] ).
In some applications, if we want the beampattern to match the desired values exactly, then the optimization problem we need to solve is (7) with the following additional constraints:
where {ζ l } are predetermined levels. The extended problems are also SQP's.
Herein we explain briefly how the desired transmit beampattern and the (initial) location estimates can be obtained. At the beginning, the MIMO radar has no prior knowledge of the scene, we transmit a maximin power optimal signal towards the targets (R = (c/M )I). Using the received data {y(n)} N n=1 , we then compute the generalized likelihood ratio test (GLRT) functionφ(θ) in [2] . The GLRT functionφ(θ), as a function of θ, possesses the following useful properties: 1) it has values close to one in the vicinity of the target locations {θ k } K k=1 , and close to zero elsewhere; 2) it takes on small values even at the locations of possibly strong jammers (assuming that the jamming signals are uncorrelated with x(n)); 3) its peaks around the target locations have widths that lead to a good compromise between resolution and robustness.
We can use the locations of interest of the dominant peaks ofφ(θ) as estimates of {θ k }K k=1 and also to obtain a desired transmit beampattern. In this manner MIMO radar will not waste power by probing either jammer locations or locations of uninteresting targets.
D. Minimum Sidelobe Beampattern Design
In some applications, the beampattern design goal is to minimize the sidelobe level in a certain sector, when pointing the MIMO radar toward θ 0 (let us say). Such a minimum sidelobe beampattern design problem can be formulated as follows:
where θ 2 − θ 1 (with θ 2 > θ 0 and θ 1 < θ 0 ) determines the 3 dB main-beam width and Ω denotes the sidelobe region of interest. This is a SDP that can be solved in polynomial time using public domain software such as [6] .
E. Phased-Array Beampattern Designs
In the conventional phased-array beampattern design problem, only the array weight vector can be adjusted and therefore all antennas transmit the same differently scaled waveform. We can readily modify the previous presented designs for the case of phased-arrays by adding the constraint: rank(R) = 1, to (7) or (13), respectively. However, due to the rank-one constraint, the originally convex optimization problems become non-convex, which makes the rank-one constrained problems much harder to solve than the original convex problems [7] . Semi-definite relaxation (SDR), obtained by omitting the rank constraint, is often used to obtain approximate solutions to such rank-constrained optimization problems [7] . Interestingly, 
the MIMO beampattern design problems are the SDR's of the corresponding phased-array beampattern design problems.
In the numerical examples of the next section, we have used the Newton-like algorithm [7] to solve the rank-one constrained design problems for phased-arrays.
IV. NUMERICAL EXAMPLES
We consider a MIMO radar with a uniform linear array (ULA) comprising M = 10 antennas with half-wavelength spacing between adjacent antennas. The ULA is used both for transmitting and for receiving. Without loss of generality, the total transmit power is set to c = 1. In the following examples the mesh grid size is 0.1
• , and
A. Beampattern Matching Design
Consider first a scenario where K = 3 targets are located at θ 1 = −40
• , θ 2 = 0 • , and θ 3 = 40
• with amplitudes β 1 = β 2 = β 3 = 1. There is a strong jammer at 25
• with an unknown waveform (uncorrelated with the transmitted MIMO radar waveforms) with a power equal to 10 6 (60 dB). Each transmitted signal pulse has N = 256 samples. The received signal is corrupted by zero-mean circularly symmetric spatially and temporally white Gaussian noise with variance σ 2 . We use the maximum power beampattern design with unknown target location for initial probing. Capon or GLRT can be used to estimate target locations. An example of the Capon spectrum for σ 2 = −10 dB is shown in Figure 1(a) , in which a false peak occurs around θ = 25
• due to the presence of the very strong jammer. The corresponding GLRT spectrum is shown in Figure 1(b) . Note that GLRT can reject the jammer peak in the Capon spectrum; therefore we will use GLRT for location estimation. The desired beampattern is derived by using the dominant peak locations of the GLRT spectrum, denoted asθ 1 , · · ·,θK, as follows:
where 2Δ is the chosen beamwidth for each target. Figure 2 (a) is obtained using Δ = 10
• and w c = 0. Figure 2(b) shows the optimal phased-array beampattern, which has higher sidelobe levels than its MIMO counterpart, and cannot use any dataadaptive approach for localization or detection purposes. Although we used w c = 0 to obtain Figure 2 (a), we found that the signals reflected by the targets exhibit low crosscorrelations among them. As Δ is decreased, however, the cross-correlations become stronger when w c = 0; consequently we have to increase w c . The normalized magnitudes of the cross-correlation coefficients of the target reflected signals, as functions of w c , are shown in Figure 3 (a) for Δ = 5
• . An example of the beampattern obtained with w c = 1 is shown in Figure 3(b) , where it is compared with the beampattern with w c = 0. Note that these two beampatterns are similar even though the cross-correlation behavior of the former is much better than that of the latter.
Next, we examine the MSEs of the location parameters {θ k } of the reflected signals, estimates by Capon, and that of the complex amplitudes {β k }, estimated by the approximate maximum likelihood (AML) approach of [2] . We compare the MSEs obtained using the initial omnidirectional probing, shown in Figure 4 (a), with those obtained using the optimal beampattern matching design, shown in Figure 4 (b) (the MSEs are for the first target obtained from 1000 Monte-Carlo trials). The estimates obtained using the optimal beampattern matching design has more than 10 dB SNR gain over the omnidirectional design.
Consider now an example where two of the targets are closely spaced. We assume K = 3 targets are located at
• , θ 2 = 0 • , and θ 3 = 3
• with β 1 = β 2 = β 3 = 1. A strong jammer is at 25
• with a power equal to 10 6 (60 dB). Each transmitted signal pulse has N = 256 samples. The Gaussian noise variance is σ 2 = −10 dB. In Figures  5(a) of Capon spectrum and 5(b) of the GLRT spectrum for initial probing, the two closely spaced targets cannot be Finally we consider an desired beampattern has only one wide beam centered at 0
• with a width of 60 • . Figure 6 (a) shows the result for the beampattern matching design with w c = 0. Figure 6(b) shows the phased-array beampattern. Because the number of degrees of freedom (DOF) of the phasedarray is only M − 1, whereas the DOF of the MIMO design is much larger, viz., M 2 − M , MIMO design can achieve a beampattern significantly closer to the desired beampattern.
B. Minimum Sidelobe Beampattern Design
Consider the beampattern design problem in (13) with the main-beam centered at θ 0 = 0
• and with a 3 dB width equal to 20
• . The sidelobe region is Ω = [−90
The beampattern obtained by using (13) is shown in Figure 7 (a). Figure 7 (b) shows the corresponding phasedarray beampattern. The phased-array design fails to provide a proper mainlobe (it suffers from peak splitting) and its peak sidelobe level is about 5 dB higher than that of its MIMO counterpart.
V. CONCLUSIONS
We have considered several transmit beampattern design problems for MIMO radar systems, and shown that through beampattern design, by focusing the transmit power around the locations of the targets of interest while minimizing the cross-correlations of the signals reflected back to the radar, we can significantly improve the parameter estimation accuracy of the adaptive MIMO radar techniques as well as enhance their resolution. We have also shown that, due to the significantly larger number of degrees of freedom of a MIMO system, we can achieve much better transmit beampatterns under the practical uniform elemental transmit power constraint with a MIMO radar than with its phased-array counterpart.
